Integers with a divisor in a given interval
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Define 7(n,y, 2) = [{d|n : y < d < z}|.
By inclusion-exclusion,

H(zx,y,z) =|{n<z:7(n,y,z) > 1}

=> (=Dt Y Lcm[dl,a-j.- ,dk]J'

k>1 y<di<---<dp<z

The density of integers with a divisor in (y, 2] is

H
e(y,z) = lim (2, Z>,

T—00 5

k-1 1
— Z<_1> Z lem[dy, -+, dy]’

k>1 y<di<--<dp<z

Besicovitch (1934) : liminfe(y, 2y) = 0

y—00

Erdds (1935) : lim e(y,2y) =0

Yy—00

Erdés (1960) : e(y, 2y) = (logy) W,

§=1—"8elEd _ (08607 . .
og
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H(x,y,2) when z — y is small.

Let z=¢"y, 0 <n<1andy < +/x. Then

o= 5[50 ¥

y<d<z dlde]

y<di<do<z

1 1
=z (y;g i O Z emldy ] +O(z — y)

y<di<do<z

= 3 40 Z > | o)

t1to
y<t1<t2<—

Therefore, if z —y — oo and z — y = o(y/logy), then

H(z,y,2) ~ .

Tenenbaum, 1984 : H(zx,y,z) ~ nx for z — y — o

and z < zy(y), where

20(y) =y +

(logy)loet=t



H(x,y,z) when 2 is large.

Let 4> < 2z < /z. By sieve methods, the number of

n < x that do not have a prime divisor in (y, z] is
1 logy

<L l—-—- )< :

[l ( p) log 2

Thus, if z < y/x and % — 00, then

H(x,y,z) ~ .

H(x,y, z) for intermediate z.

Analysis much more difficult. Tenenbaum in 1984 gave

reasonably sharp bounds when z(y) < z < %, e.g.

)
6—@\/log10gy10g log log y < H(I’, Y 2y) (log y) < :

x Vioglogy’

where § = 1 — H525082 — (.08607 .. .




New results (2004)

Z = eny o yl—i—U’ T] — (]og y)_ﬁ7
= §
b =logd =1+ mrgy
y

GB) = llogg log <€11$52> +1 (0<B8<logd—1)

Theorem 1. Uniformly in 100 <y < /z, 2 >y + 1,
(
=log(z/y) y+1<z<z%{y)

. <2<
H(z,y,2) | (0-90ozy)©® 20(y) <2 <2y

=S

<lOg ) 3/2 2y < z < y2

1 Z>y2.

Corollary.

i
H(z,y,2y) <

(log y)°(log log y)*/?




Short interval version

Theorem 2. For yp < y < /x, z > y+ 1 and and

—i— < A <z, we have
log™" 2

A
H(CE,y,Z)-H(QZ‘—A,y,Z) X_H@jayaz)
xXr

Here g is a large constant.

Squarefree integers

Let H*(x,y,z) be the number of squarefree numbers

n < x with 7(n,y, z) > 1.

Theorem 3. Suppose 1y <y < Vx,y+1<z<uzx
and @ <A<z Ifz>y+ Ky'Plogy, where K is

a large absolute constant, then

A
H*(x,y,z) — H(x — Ay, 2) < —H(x,y, 2).
T



Some applications (using z < y case)

1. (Erdos 1955/60, Linnik, A. 1. Vinogradov).
Let A(z) = [{n =mmsy:m; < \/_}\
Corollary A. A(z) <

(log z)° (log log x)3/2

2. Distribution of Farey gaps (Cobeli, Ford, Zaharescu,

2003). Farey fractions order @: %, é, ﬁ, e %, %
Corollary B. # of distinct gaps in the sequence is
Q2

~ (log Q)" (loglog Q)32

3. Erdos function
7 (n) = |{k € Z : 7(n, 2% 2"1) > 1}.

Corollary C.
1—0

(log )
o
log log z)3/2

n<x




Divisors of shifted primes

H(x,y,z;)=|{n<x:ne€ A 1(ny,z) > 1} fora
set o CN. Fix A #£ 0, let P\ = {p+ \: p prime}.

Theorem 4. Let A\ be a fized non-zero integer. Let

I1<y<+rxandy+1<z<wz Then
(H(x,y,z)

2>y + (logy)*?
log x

H(z,y, 2 Py) <) §

Z ¢ y <z <y+ (logy)*?.

y<d<z

10g x

Theorem 5. For fized X\, a,b with A #0 and 0 < a <

b <1, we have

H(LIZ' ¢ ZL’ P)\) >>ab>\
log x



Integers with exactly r divisors in (y, 2|

H(z,y,z) = {n <z :7(n,y,2) =1},
H,(z,y,
5T<y7 Z) = lim (x < Z>

T—00 €T

2
Erdo6s conjecture, 1960: lim M

— 0.
y—oo £y, 2y)

Tenenbaum conjectures, 1987:

(4,2
L Wr > 1 liminf W 2Y)
y—oo £(y,2y)

2. ¥r > 1,if z/y — oo, then lim
y—oo €(y, 2)

> ().

Hall & Tenenbaum conjecture, 1988:

(y, 2
hm6<y Y)

=d, > 0.
y—oo £(y,2y)



Tenenbaum’s 1987 paper

II. When 2y < z < ¢,

1 er(y, 2) Z(y)

20 log(zfy) " elyz) " Tog(z/y)

Here Z(y) = exp{c,+/loglogylogloglogy}.
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New bounds for H,(z,y,z) (2004)

Theorem 6. If 2 > y+ 1, then

e1(y,z) _ loglog(z/y +5)
e(y,z) — log(z/y+5)

Theorem 7. Suppose r > 2, b > 0 fized and small,

C' > 1 fized and large, and y + (logy)lgg4_1_b < 2 <y,
er(y,z) _ (loglog(z/y +5))" !
e(y,2) log(z/y +5)

where 2V)||r.

Corollary D. Vr > 1, Ve > 1, if y > yo(r), then

57“<y7 Cy>
e(y, cy)

> L

Corollary E. If z/y — o0, then

er(y, 2)

— 0.
e(y, 2)
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Further bounds for H,.(z,y, 2)

Theorem 8 (Ford, Tenenbaum, 2006). If y < \/z and

y<z S Y+ (logy)logzl—l—o(l); then

Z Hr<x7 Y, Z) — O<H<$7 Y, Z))

r>2

Theorem 9 (Yong Hu, 2006). If y*° < z < z'/4, then
Hy(z,y,2) _ loglogyloglog 2

N

x log z

and

Hs(x,y,2) _ loglogz+ (loglog z — loglog y)

2
T log 2 '

Conjecture: Under the hypotheses of Theorem 9, for

each r,

H.(z,y,2) _ Q.(loglogy,loglog z)

—~r

x log z

for some polynomial (),..
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Proof ideas: H(z,y,2y)

- o 10
Suppose n is squarefree, and nq := H p <z,
pln,p<z

Assume {logd : d|n;} is roughly uniformly dis-
tributed in [0, logn4].
| | | |

0 logy log z log n4

If winy) = [{p:pln1}| =k, then

log(2/y) i, 2"

log nq log 2

Prob|r(ny,y, 2) = 1] =

With kg = Fog long , we predict that

log 2
Hlw,y,20) ~ 3 |{n < - wm) = )|
k>ko
- Z z(log log 2)k~
— 1)!log 2

<1og log )"
T kllogy
x

" (logy)’(log log y) /2
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Two principles

Principle # 1. The numbers {loglogp : p|ni} behave

like uniformly distributed random numbers in |0, log log z]:

 log log 2 ,
loglog pj(n1) ~ / gk °C n<ji<h),

where p;(n;) is the j-th smallest prime factor of n;.

Principle # 2. The numbers {logd : d|n;} do not be-

have like uniformly distributed random numbers in |0, log n].

Principle #£1 — Principle # 2. Reason: with

high probability,

 log 1
log log p:(nq SJ o6 ng—c log log z
/ k

for some j. This causes the numbers {logd : d|n1} to be

erouped in isolated clumps. In fact, for most n;,

2k
Prob|r(ny,y,2y) > 1] =~ exp{—c+/loglog z}.

log z
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New i1deas

Focus on abnormal integers, those satisfying

i log 1
(1) loglogp;(ni) > J ogkogz —0O(1)

(1<j<k)

On average over ny satisfying (1), {logd : d|ni} is dis-

tributed uniformly in [0, log ny].

1 1
The probability that (1) occurs is < — =<

. Thi
k  loglogy ®

leads to a refined prediction
x

(log y)°(log log y)3/*
which is the correct order. More generally, we need to

H(z,y,2y) <

estimate the liklihood that

log 1
(2)  loglogp;(ni) > 222205 oy (1< < k)
v

when v is close to k and 1 < u < +/loglog z.
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Lower bound for Hi(z,y,2y)

Say d|n; is n-isolated if there is no f|n; with
0 < |logf/d] < n. Let I(m;n) be the number of 7-

isolated d|m. If d is log 2-isolated and y < d < 2y, then

T(n,y,2y = 1).

f vy d z f

I(ny;log2
The probability that 7(nq,y, z) = 1 is about (77i1, o6 )
0g 2
If wing) =ky — ¢ and
' log 1
log log pj(m1) > #—=—== —c; (1< < k),

then (on average) I(n) will be close to 2% = log z, i.e.
no clumps means lots of isolated divisors. This leads to

the prediction that

i
(log y)?(log log y)3/2

Hi(z,y,2y) > > H(x,y,2y).
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Bounding H,(z,y, z) for 10y < 2z < y!!

Recall

5T(y, Z) _ (1og 1og(z/y + 5))V(T)+1 QV(T)HT

ey, 2) log(z/y +5)
For lower bound, set n = log(z/y) and consider n = pqst,

s<zfy, T(s)>r+1, t<y" P(t)> 2y,

p is prime and P~ (q) > z. Let f be a 2n-isolated divisor
of t,let 1 =dy <dy <--- <d, = s be the divisors of

s, and pfd, < z < pfd,1. Then 7(n,y,z) =r.

y pfdi - pfd, =z  pfden
Given pst, number of ¢ is < pstfogz. Then
Z 1 _ log(dr1/d)
p  logz

2/ fdr<p<z/fdyi1
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Therefore,

x I(t;2n log(d,41/d,

117(:13,y,,z)>>1 ' Z (t;2n) Z (dr1/ )
06~ t<yl/4 s<z/y 5
P (t)>z/y T(s)zr+1

Write

S=p1- Pk, DP1<- Dk

If pj > p1---pj_1 for each j, then

dy =1 d7 = pap>

dy = p1 ds = p3pap

d3 = ps dy = p4

dy = pap1 dio = pap1

ds = p3 d11 = papo

ds = psp1 d12 = papap1, ete.

i.e., the ordinary ordering of divisors of s coincides with

the lexographic ordering of the divisors. Then

d
7”—|—1 — pt : t:y(’r)—|—1
d, P1- - DPt—1




18

Take s so that

pj > (p1--pi1) (1<75<7),

then log(d,y1/d,) > logp:, t = v(r) + 1. We obtain

lo dr+1 dr
Z gl /dy)

. > (log z/y)(loglog z/y)".

S

Upper bounds:

For simplicity assume s is squarefree.

Lemma 1. Let s = p1---pp, p1 < -+ < pi. For

1<r<2k_1, 7”+1<)< ,
AR dr<n> _p(>—|—1

With lemma 1, we obtain

Z log(d,1/d;) <

- log z/)(log log z /)" ")+

S
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Open problems/future projects

(I) Asymptotic formulas for H(x,y,2y) and A(x).

(1) Lower bounds for H(z,y, z; Py) when z = y!+o(l),

(ITT) Triple and higher order factorizations, e.g.
H(x,y1, 21,92, 22) = [{n <z @ dida|n, y; < d; < 2},

As(z) = [{n = mimams : each m; < z/3}|.

(IV) Analogs for algebraic integers, e.g. count the Gauss-
ian integers with norm < z and with a divisor in a given

region of the plane (rectangle, section of an annulus, . . .).

(V) Use methods/ideas to attack other types of divisor

problems, such as the concentration function

A(n) = maxT1(n,u, eu).



